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Abstract 

We propose in this work a concept of integrability for quantum sys- 
tems, which corresponds to the concept of noncommutative integrability 
for systems in classical mechanics. We determine a condition for quan- 
tum operators which can be a suitable replacement for the condition of 
functional independence for functions on the classical phase space. This 
condition is based on the properties of the main parts of the operators 
with respect to the momenta. We are led in this way to the definition of 
what we call a "quasi-integrable quantum system". This concept will be 
further developed in a series of following papers. 

1 Introduction 

The theory of quantum systems is similar under many respects to the theory 
of classical systems. Although there exist some intrinsic differences, many im- 
portant quantities, such as energy, momentum, angular momentum, potential 
energy and so on, which play a fundamental role in classical mechanics, are also 
usefully employed in quantum mechanics after some modifications. To quanti- 
ties of this type, in the classical case there correspond functions on the phase 
space of the system. The modification for the quantum case is the following. 
The state of the system is no longer described by a point in phase space, but 
by a function defined on configuration space, called "wave function" . Further- 
more, by means of some recipe, one associates with a classical function on phase 
space a linear differential operator acting on the wave function of the system. 
This correspondence between classical functions and quantum operators is called 
quantization. One takes as the analogue of classical Poisson brackets between 
functions the commutators of the corresponding linear operators [U [2] . 

One of the main concepts of classical mechanics is that of integrable system. 
There are several equivalent definitions. In our context the following definition of 
hamiltonian integrable system will be suitable [3] . Let us assume that the phase 
space M 2n is a 2n-dimensional symplectic manifold, where n is called number 
of degrees of freedom. We say that the system is integrable if there exists a set 
of functionally independent real functions F — (Fi, . . . , i^; -Ffc+i, . • • , Fin— f.) 
defined on the phase space, with 1 < k < n, and this set has the following 
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properties. The first k functions are in involution with all functions of the set 
F, and H is a function of the k "central" functions . . . , Fk, i.e. 



Here { , } denote Poisson brackets, and / is an arbitrary real function of k 
variables. The most interesting case is the compact case, i.e., the case in which 
some connected components of the preimage i* 1-1 ^) of each point b of the 
linear space R 2n_fc is a compact set. This case is investigated in detail in [3]. 
The definition of integrability given above is a generalization of the more usual 
one based on the well-known Liouville- Arnold theorem [3], which in the above 
notation corresponds to the case k — n. For k = n all functions of the set F 
are pairwise in involution, which is not true in the cases with k < n. For this 
reason, the generalized concept of integrability adopted here (see also |6]) 
is sometimes called "noncommutative integrability" . Some important ideas, 
related with this type of integrability, can be extended in a useful way also to 
significant classes of nonintegrable systems [7J |S] ■ 

The integrability in the classical case is based on two main conditions: invo- 
lution and functional independence. The latter means that the differentials of 
the functions of the set F are linearly independent at almost all points of the 
phase space M 2n . In section [5] of the present paper some well-known examples 
of classical integrable systems are reviewed, together with their corresponding 
quantized systems. 

The main aim of section [3] is the construction of an abstract definition of in- 
tegrable quantum system, and the determination of necessary conditions for in- 
tegrability. In the literature these issues have been approached in many different 

ways (see for example 0[H[nj[Tl[Tl[Tl[Tll[T!]). ^ & definiti ° n 

of integrable quantum system which is the direct analogue of the definition of 

integrable classical system given above. Instead of functions one considers linear 
differential operators of n variables x = (x\ , . . . , x n ). To the product of functions 
there corresponds the composition of operators. In the definition of integrable 
system, the condition of involution is obviously translated to the quantum case 
by changing the classical Poisson brackets into commutators. However, the con- 
dition of functional independence is apparently translated in a less trivial way 
[Ml [T7l [TBI fT9l l20l [21] . We have made an attempt to understand the meaning 
of this condition in quantum mechanics. To this end, we have started from the 
concept of algebraic dependence of a set of operators. In order to formulate this 
condition in a way which is suitable for quantum mechanics, we make use of the 
concept of "main part" of an operator, i.e., its component of highest degree in 
the momenta. Let us consider a quantum situation analogous to (|l.ip - (|1.2j) . It 
means that a set of operators F = (F\, . . . ,Fk',Fk+i, ■ ■ ■ ,J~2n-k) satisfies the 
commutation relations [Fi, Fj] = for i = 1, . . . , k, j — 1, . . . , In — k, and the 
hamiltonian operator % of a quantum system is some function of F\, . . . ,Fk- 
We obviously assume that, in case of algebraic dependence of the set F, these 
conditions do not ensure the integrability of the considered quantum system. 
We are led in this way to introduce the notion of "quasi-integrability" of a quan- 
tum system. It is based on the simple concept of "quasi-independence" of the 
set of operators J 7 , which is expressed as a property of the main parts of these 
operators. We prove that the condition of quasi-independence is sufficient to 



{F i ,F j } = 0, i = l,.. 
H = f(F 1 ,...,F k ) . 



k, j = l,...,2n- k, 



(1.1) 
(1.2) 
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exclude algebraic dependence. 

This paper is the first of a series of four, which are devoted to integrable 
systems in classical and quantum mechanics. In the second paper of this series 
(Part II) we will discuss about the mathematical basis of the quantization by 
symmetrization. Then, in Parts III and IV some classes of concrete integrable 
classical and quantum systems will be described. 

The problem of the correspondence between classical and quantum mechan- 
ics has been discussed for a long time and appeared even before the construction 
of modern quantum mechanics. The present series of works represents an at- 
tempt to consider this correspondence from a general perspective, with a partic- 
ular emphasis on the importance of the concept of noncommutatively integrable 
system. 

2 Simplest examples of correspondence 

Let us consider a few examples of integrable classical systems and their corre- 
sponding quantum systems. 

2.1 The Kepler system 

Let (x, y, z) and (r, 6, (f) respectively denote the cartesian and polar coordinates 
in three-dimensional space. The classical hamiltonian function for the Kepler 
system is 

H = E! - - = _^ = I/ / 2,P|, Pi \ _ a 

2 r 2 r 2y Pr r 2 r 2 sin 2 9 J r ' 

where a is a real parameter. The configuration space K is the euclidean three- 
dimensional space without zero: R 3 \ {0}, and the phase space M = M 6 is the 
cotangent space T*K ~ R 6 \R 3 to K. The corresponding quantum hamiltonian 
operator on K = M 3 is 

^ = P 2 a = Pl+f y +Pl a 
2 r 2 r 

1 /„o 2i „ 1 ~ cos 9 „ 1 ~\ a 

= 7>\Pr Pr + -jPe - * 2 ■ Q P e + 9-2/i ^ ' 

2 \ r H rsmf) r 2 sin 6 J r 

where p x = —ihd/dx, p r = —ihd/dr, pg = —ihd/dQ and so on, with i = V^T. 
The classical system has three integrals of motion which are the components 
of the angular momentum vector M = x x p. This implies that the orbit is 
planar. Another integral is for example the angle ip between the longer axis 
of the elliptical orbit in configuration space and a fixed axis in the plane of 
the orbit. We thus obtain the integrable set of functions (F\; F2, F3, F4, F5) = 
(H; Mi, M2, M3,ip). For this system we then have n = 3 and k = 1. For the 
quantum case the hamiltonian operator H of the system commutes with the 
vector operator of angular momentum M = x x p. Furthermore, there exists 
a quantum operator which commutes with H and corresponds to the third 
classical integral ip. Therefore, also this integrable quantum system has k = 1. 
This is related to the fact that the set of eigenvalues has one natural index, and 
all of these eigenvalues (except the fundamental one) are degenerate. 
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2.2 Rotations of a free rigid body 

For this system one has K = SO(3), M 6 = T*SO(3). The hamiltonian function 
H of the system has the form 

H.ifS + S + S 1 ), 

2Ui h hi 

where I\, I2, I3 are the principal moments of inertia of the rigid body, and T%, 
T2 , T3 are the components of the angular momentum vector along the principal 
axes of the body (see for example [US])- The system has the integrals M x , M y , 
M z , which are the components of the angular momentum along the axes of a 
fixed inertial frame (x,y,z). If 50(3) is parametrized by means of the usual 
Euler angles (cb,0,ib), we can write 

r a 

r 2 
r 3 

and 

M x 

My 

M z 

The system is integrable with n — 3 and k = 2, because almost everywhere in 
M & a basis of the algebra of first integrals is given by the set of functionally 
independent functions (F\, F 2 ; F3, F4) — (H, M 2 ; M x , M y ). The corresponding 
quantum system is obtained by taking as hamiltonian operator 

- 1 /f 2 f 2 f 2 \ 

where 

fi 
f 2 

and p^ = —ihd/d(j), etc. 

2.3 Symmetrical top in a gravitational field 

The configuration and phase spaces for a rigid body in the presence of a gravi- 
tational field are the same as for a free one. However, the corresponding hamil- 
tonian system is integrable only if the rigid body has a symmetry axis. We have 



sin')/; 
sin# 
costp 
sind 

Pi: ! 



+ cos ippe — cot 9 sin ibp^ , 
p^ — sin ijipg — cot 9 cos ibp^ , 



— sin 4> cot ( 
cos 6 cot 6*n 



sine 



cos ( 



sin < 



sin 

cos <j) 
sin 



= -^—^Pd> + cos ifjpg - cot 9 sin ippj, , 
sm9 

cos lb „ . , , „ , * 

= . „ P<t> - sin typo - cot 9 cos ipp^ , 
sin 9 

= Pi> , 
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in this case n = k = 3, and a basis of the algebra of first integrals is given by 
the set of functionally independent functions F2, F3) = {H,M Z ,Y^). Here 
M z is the component of the angular momentum along the coordinate axis z 
parallel to the direction of the gravitational field, while L3 is the component of 
the angular momentum along the symmetry axis of the body. The quantization 
is directly obtained as in the previous case. 

3 Quasi-integrable quantum systems 

3.1 Local and global independence of differential opera- 
tors of finite order 

Let Pi denote the differential operator pi := d/dxi, i = 1, . . . , n. We denote the 
operator of multiplication by a function f(x) with the same symbol f(x). We 
consider functions / g C°°(K), where K is an open subset of M. n . Typically 
1" \ K is a "thin" subset. For example, for the Kepler problem we have K — 
K 3 \{0}, and for the two-body problem if = R 6 \{x = y}, where x = (xi, X2, X3), 
y = (2/112/2,2/3) are the position vectors of the two bodies in three-dimensional 
space, and (x, y) € R 6 . Let us consider all the linear operators which are 
finite sums of finite compositions of differential operators pi, i = 1, . . . ,n, and 
arbitrary multiplication operators f{x). The algebra of such operators we denote 
by O — Ok- Note that we are here considering only real operators. 

Let us consider a linear differential operator T on K C R n of the form 

T= M*)P a , (3.1) 

\a\<~m 

where m e Z + , a = (ai, . . . , a„) € Z™ , Z + := {0, 1,2,.. .}, and |a| :— a\ + 
. . . + a n . We have equivalently %\ := Z" n R" , M™ := {a e R" : a, > for 
i = 1, . . . , n.}, where Z" is the subsets of vectors of M. n with integer components. 
Here p a := /dx" 1 ■ ■ ■ dx%«. We suppose that A a (x) S C°°(K) for any a, 
that is A a (x) is an infinitely differentiable function on K, A a : K — > M.. 

Definition 3.1. The operators of the algebra Ok we call operators of class 
O. We say that two operators A and B of class O are equal to each other if 
At)) = Bi> for any function ip g C°°(K). 

Proposition 3.1. An operator T of the form iS. 1)) is an operator of class O. 
Conversely, any operator of class O can by represented in a unique way in the 
form iTO) . 

Proof. The first part of the proposition is obvious. The fact that an operator 
of class O can be always represented in the form (|3.1[) follows easily from the 
relation 

Pif(x) = f(x)pi + ^f(x) , (3.2) 

which is a consequence of Leibniz rule of differentiation. In order to prove that 
the representation of type (|3.1j) is unique, let us consider the family of functions 
t/> = e Ax , A € R™, Ax := Ai^i H h X n x n . It follows from ([3~Tj) that 

Te Xx = J2 A a (x)\ a e Xx , (3.3) 

\a I < m 
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where A" := A" 1 • • • A"'*. According to definition 13. 11 F = implies Fe Xx = 
for every A G 1" and every x G K. Then from (|3.3p we derive that F = if and 
only if A a (x) = for every a G Z™ and every a; G K . This obviously implies 
that a representation of the form (|3.1j) is unique for any operator of class O. □ 

Definition 3.2. We call formula (|3.ip the standard representation of the oper- 
ator F. The function F : K x W> -> K defined as 

F(x,p) = ^ A Q (x)p Q , (3.4) 

a|<m 

where p" := p" 1 • • • p"™ , is called the symbol of the operator J 7 . We shall also 
use the notation F smh for F, that is F smh = F. It is a polynomial function of 
order < to in the variables p = (pi, . . . ,p„). 

Conversely, given a function F : K x K™ — > R of the form (|3.4p . we say 
that the differential operator T on K C R" defined by (|3.1I) is the standard 
quantization of P. 

Definition 3.3. Given an operator JF of class O having the standard represen- 
tation (|3.1[) . we call the homogeneous part of order g G Z + of the operator T 
the operator 

Hg{T) . = \E\ a \= g A a (x)p a ifO<.g<m 
1 if g > m . 

We define in a similar way the homogeneous part H g (F) of order g of the symbol 
F = F(x,p). Therefore, if F = F smh is the symbol of the operator F, we have 
H g (F) = (H g (F)) smb . 

If JF ^ 0, let to be maximum nonnegative integer such that H m (F) ^ 0. We 
call the operator 

MF := H m (F) 

the main part (with respect to p) of the operator F . Similarly, we call the 
function 

MF:=H rn (F) 

the main part (with respect to p) of the symbol F. We call m the order of the 
operator F and we write ord F = m. If F = 0, then we define MF := and 
MF := 0. 

Note that MF is the symbol of the operator MF, i.e., the main part of the 
symbol of an operator of class O coincides with the symbol of its main part. 
The following proposition can be easily proved by making use of the identity 



Proposition 3.2. If A = T,\ a \< mi A a {x)p a , B = E| a |<m 2 B <x{x)p a and a,b G 
K, then 



(aA + bB) smb = aA + bB 

( AR\ smb = V 1 d^Ad^B 
{ 1 ^ al dp a dx a ' 

0< |q| <mi 
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where A = A smh , B = B smh , a\ = a x \ ■ ■ ■ a n \, dx a = dx" 1 ■ ■ ■ <9<™ . We have 
for any nonvanishing term of this sum 

1 d^Ad^B 

ord — — <mi+m 2 - a . 

a! dp a dx a ~ ^11 

Let us consider a set of operators T\ , . . . , J> of class Ok ■ Let MF\ , . . . , M F r 
be the main parts of the symbols F\, . . . , F r of these operators. 

Definition 3.4 (quasi-independence). If the differentials d(MFi), . . . , d(MF r ) 
are linearly independent at a point (x,p) E K x R™, we will say that the opera- 
tors T\i . . . , T r are quasi-independent at that point. Moreover, if the differentials 
d(MFi), . . . , d(MF r ) are linearly independent at almost each point of K x R™, 
we will say that the operators T\, . . . , T r are globally quasi-independent. 

For example, the operators (xi, . . . , x n ,pi, . . . ,p n ) are globally quasi- independent. 
We call this set the standard set of operators. 

Similarly, if the differentials d{MF\), . . , , d(MF r ) of the main parts of r 
functions {F±, . . . ,F r ) are linearly independent at a point (x,p) £ K x R™ 
we will say that these functions are quasi-independent at that point. If the 
differentials d(MFi), . . . , d(MF r ) are linearly independent at almost each point 
of K x R™, we will say that these functions are globally quasi-independent. 

The motivation of this definition of quasi-independence lies in its connection 
with the property of dependence, which for a set of operators will be formu- 
lated in section 13.31 There we shall show in fact that the property of quasi- 
independence defined above is a sufficient condition to exclude dependence. 

3.2 Noncommutative polynomials 

In order to formulate a rigorous definition of "dependence" for a set of operators, 
which in general do not commute with each other, we need first of all to introduce 
the abstract notion of "noncommutative polynomial" . In this section we will 
then define the quasi-homogeneous parts and the main part of a noncommutative 
polynomial with given weights and with respect to a given set of operators. We 
will also give the definition of the homogeneous parts of an operator. 

Let us consider a set of real (commuting) variables G = (G±, . . . ,Gi) and 
a set of "noncommutative symbols" F — (F±, . . . , F r ). At a later stage in this 
section we shall identify the commuting variables G with real multiplication op- 
erators, and the noncommutative symbols F with differential operators of class 
O. However, we want here to establish formal properties of noncommutative 
polynomials, which are independent of the identification of the abstract vari- 
ables G and F on which the polynomials depend. Therefore, we shall here sim- 
ply postulate that formal operations of addition and multiplication are defined 
among these variables, with the same properties of associativity and distribu- 
tivity which are valid for the corresponding operations among operators. In 
particular, we shall postulate that multiplication is commutative between any 
two variables G, and noncommutative between any two variables Fora variable 
G and a variable F. Moreover, a commutative multiplication is defined between 
scalar numbers and variables F or G. By making use of these abstract opera- 
tions, it is possible to define the formal algebra of noncommutative polynomials 
in the following way. 
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Definition 3.5. If ft = (fti, . . . , ft q ) is a finite sequence of indexes, with q £ N 
and /?i G {l,...,r} for i = we call noncommutative monomial (with 

respect to F\, . . . ,F r ) associated with ft a formal product 

M/3 = Mp(G, F) = ZoFp&Ffr ■ ■ ■ Z q _ x FpZ q , (3.5) 

where Zi = Z\[G) is an arbitrary usual function of class C°° of the commuting 
variables G\, . . . , Gi for % = 0, . . . , q. Note that some (or all) functions Zi can be 
constants, for example Zi = 1. In particular, if I = then monomials have the 
form Mp[F) = cFp x Fp 2 ■ ■ ■ Fp q , where c is a constant. A function = Z(G) 
independent of F can be considered as a noncommutative monomial associated 
with ft = 0. 

We consider that the monomial Mp is (identically) zero if and only if there 
exists j £ {0, . . . , q} such that Zj is the zero function. The multiplication 
of a monomial by a scalar and the product of two monomials are defined in an 
obvious way. In particular, the product of two monomials respectively associated 
with (3 = fiq) and 7 = (71,..., j p ) provides a monomial associated 

with (/3i, . . . , /3 q , 71, . . . , 7 P ). This product is associative and noncommutative. 
We further introduce the formal sum of noncommutative monomials, which is 
assumed to be associative and commutative. 

Definition 3.6. We call noncommutative polynomial a formal sum of noncom- 
mutative monomials. The set of such polynomials we denote equivalently as 
Sn = = S l j^ = S l jf[Gi, . . . , Gi, Fi, . . . , F r ], where s — I + r. We postu- 
late that the operations of sum, multiplication by a scalar and product among 
noncommutative polynomials enjoy all the usual formal properties which make 
S^f a noncommutative algebra. We call noncommutative polynomial associated 
with ft a formal sum of monomials all associated with the same ft, that is an 
expression 

Sp = Sp{G,F)=Y J Mp, i , (3.6) 
iei 

where I is a finite set of indexes and Mpj is a noncommutative monomial 
associated with ft for all i £ I. 

We consider that the polynomial (|3.6p is (identically) zero if the equality 
J2i Mp : i — follows from the formal properties of the algebraic operations. 
Obviously, two polynomials are considered to be equal to each other if and 
only if their difference is zero. For example, we have Z1F1Z2F2 + Y\F\¥iFi = 
X 1 F 1 Z 2 F 2 + Y 1 F 1 X 2 F 2 if Xx(G) = Z X (G) - Y X (G) and X 2 (G) = Z 2 {G) + 
Y 2 (G)VG £ R l . 

For Q £ Z + , let Bq denote the set of all finite sequences ft — (fti, . . . , ft q ), 
with < q < Q and fti € {1, . . . , r} for i = 1, . . . , q. A generic noncommutative 
polynomial can then be expressed in the form 

S= £ 3s, (3-7) 

where Sp is a noncommutative polynomial associated with ft for each ft £ Bq. 
We consider that S is (identically) zero if and only if Sp = for all ft £ Bq . 
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Definition 3.7. With any noncommutative polynomial S(G,F) we associate 
the commutative polynomial Sc(G, F) which is obtained by considering all vari- 
ables G\ 1 . . . ,Gi, F\,...,F r as commuting variables, and then operating the 
reduction of analogous terms, i.e., monomials of F\, . . . ,F r which differ from 
each other only at most in the coefficients. (These coefficients are functions of 
G%, . . . ,Gi, or constants if I = 0.) We call the transformation 

the abelianization of S. 

Definition 3.8. Let w = (wx, . . . ,w r ) be a given set of natural numbers. If 
the noncommutative polynomial 5* £ S 1 ^ is represented in the form Q3.7p , let us 
consider for deZ + the subset of Bq 




We will call the polynomial 

Cd — Cd,w(S) := 2^ 

the quasi-homogeneous part of degree d with weights w of the polynomial S. If 
S = Cd.iv(S) 7^ 0, then S is called a quasi-homogeneous polynomial of degree d 
with weights w. If S ^ 0, we define the degree deg w S of the polynomial \3. 7j ) 
with weights w the maximum d £ Z + such that Cd, w (S) ^ 0. We define the 
main part Mj^S of the polynomial S with weights w as 

M w S:=C lw {S) , 

where d = deg w S. If S = 0, then we define M W S := 0. 

We define the main part Mj^S of the polynomial S with respect to the set 
T = (J-'x, . . . , JF r ) of operators of class O as 

M.fS = A4 W S , where w = (wi, w s ) , u>i = ord-Fj for i = 1, . . . ,r . 

We will also write deg jr S :— deg w S = d, and we say that d is the degree of S 
with respect to T . If W = (G, J 7 ), where Q = (Qi, Qi) is a set of multiplication 
operators (i.e., a set of operators of class O such that ord^ = OVi = 1, . . . , I), 
we shall also write SAy\>S = M?S. 

Lemma 3.3. Let S be a noncommutative polynomial. If Sc ^ then S ^= 0. 
If S is a quasi-homogeneous polynomial of degree d with weights w, then either 
Sc = or Sc is also a quasi-homogeneous polynomial of degree d with weights 
w. 

Using this obvious lemma and proposition l3.2l it is easy to prove the following 
proposition. 

Proposition 3.4. Let W = {G,F) be a set of operators of class O, where Q = 
(Qit • • ■ t Qi)> ordGi = Vi = 1, . . . , I, and T = (Fi, . . . , J>). Let G be the symbol 
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of Q , and MF the symbol of the main parts of F . Let S G <S^ r be a noncom- 
mutative polynomial such that deg w S = d. Then S(Q, F) := S(G, F)\G=g.F=j r 
is an operator of class O, and 

(H d (S(g,T))) smb = (M W S) C (G,MF) . (3.8) 

The above formula means that, if the noncommutative polynomial S has 
degree d with respect to W, then the symbol of the homogeneous part of order 
d of S(Q,F) is obtained by taking the symbols (G, MF) as the variables of the 
abelianization of the main part of S with respect to W. Note that the two 
members of equality p.8[) may be zero. When they are nonzero, they represent 
the symbol of the main part of the operator S(Q, F). 

3.3 Dependent sets of operators 

In this section we define the concept of dependence for a set of operators. There 
seems to exist no definition as general and natural as that for the functional 
dependence of a set of functions. Our idea is here to consider as dependent 
all sets of operators for which there exists a correlation, that is a nontrivial 
operator function which, when its arguments are replaced by the operators of 
the set, vanishes identically in a neighborhood of a given point of configuration 
space. However, when we are dealing with operators, the class of available 
functions in our general scheme is restricted to noncommutative polynomials. 
Hence such a definition of dependence would appear too restrictive. We shall 
therefore adopt a different definition, which offers a higher level of generality 
(sec definition I3.12[) . We will prove that a dependent set defined in this way 
cannot be quasi-independent (see theorem |3.19[) . 

We begin by giving the definition of "regular correlation" among the class 
O operators of the set W = (Gi, ■ ■ ■ ,Qi, T\, ■ ■ . , J>), with ord(/j = for i = 
I,..., I, and ord Fj > 1 for j = 1, . . . , r. Let MW : K x R™ -> M'+ r denote the 
vector function (Gi, . . . , G;, MFi, . . . , MF r ) defined by the symbols of the main 
parts of these operators. Let us consider a point (x,p) £ K x K™ and its image 
W := MW(x,p) G M. l+r with respect to the function MW. Let us suppose that 
there exists a nonvanishing noncommutative polynomial S = S(G, F) G S l ^f 
with the following two properties: 

1. The differential of the abelianization (JAyvS)c of the main part M^S 
of the noncommutative polynomial S with respect to W is nonzero at W, 
that is 

d(M w S) c (W) ^0 . (3.9) 

2. S(Q, F) := S{G, F)\a=g,F=j r is the zero operator in a neighborhood H C 
K of x, that is 

S(g,F)i()(x) = (3.10) 

Vip G C°°{H) and Vx G H. 

Note that, according to propositions (|3.1[1 and p.4[) . property 2 implies that 
(M w S) c (W) = 0. 

Definition 3.9. We say that a noncommutative polynomial S G S 1 ^ with the 
properties 1 and 2 is a regular correlation among the operators W at the point 
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(x,p). We say that the correlation is global if it is a correlation at almost all 
points of if x R™. 

In order to understand the meaning of condition (|3.9p in the above definition, 
consider the space K — R and the two operators Q = x, T = p. If condition 
(|3.9[) were not required, the noncommutative polynomial S(G, F) = GF — FG + 
1 would be a global regular correlation between the operators Q and T , but 
this would be in contradiction with the fact that these operators are quasi- 
independent according to definition 13.41 

As we have already explained, our aim is to find a definition of dependence 
which includes (but is not restricted to) the case in which there exists a regular 
correlation among the operators of a set. As a first step in this direction, we 
now introduce the concept of dependence of a set of operators on another set. 
To this purpose, let us consider two sets of operators W = (Wi, . . . , W s ) and 
y = (y-i, . . . ,y r ) of class O. We can suppose in general that ordWi = and 
ordj^ = for i = 1, . . . , s' and j = 1, . . . , r', where < s' < s and < r' < r. 
Let (MW, MY) : K x R™ -> R s+r be the vector function defined by the symbols 
of the main parts of these operators, and (W,Y) :— (MW,MY)(x,p) £ R s+r 
the image of the point (x,p) with respect to this function. Let us consider 
the class of noncommutative polynomials Sp~ r — S l ^ n , where I = s' + r' and 
m = s + r — I. Let us suppose that there exists a set of noncommutative 
polynomials S = (Si, . . . , S s ) of this class with the following two properties: 

1. Let M.{yj,y)S be the set of main parts A4(w,y)Si of the components Si 
of the vector S, with i = 1, . . . , s, and let {M(y\/,y)S)c be the vector of 
their abelianizations. Then 

where on the left-hand side we have the determinant of the s x s Jacobi 
matrix with respect to W of the vector function {M(w,y)S)c of the s + r 
variables (W, Y). 

2. After substitution of the s + r operators (W,y) to the variables of the 
polynomial S we obtain the zero operator in a neighborhood H c K of x: 
S(W,y) = in H. 

Owing to propositions p.l[) and (|3.4[) , property 2 clearly implies that 
(M.(wy)S)c(W , Y) = 0. Note also that the Si are correlations at (x,p) among 
the operators (W,y) in the sense of definition 13.91 

Definition 3.10. In this case we say that the set of operators W is algebraically 
dependent on the set of operators y at the point (x,p). 

Remark 3.1. Obviously, if the set of operators W is (properly or improperly) 
contained in the set y, i.e., W C y, then W is algebraically dependent on y 
at any point (x,p) £ K x R™. In fact, suppose that s < r and Wi = Vi = 
1, . . . , s. Then the vector of polynomials Si(W, Y) — Wi — Yi for i = 1, . . . , s 
clearly satisfies the conditions 1 and 2 of definition 13.101 It follows that, in 
particular, any set of operators W is algebraically dependent on itself at any 
point (x,p) e K x R™. It is also immediate to see that, if W = (Wi, . . . , Ws) 
and W = (Wi, . . . , W s , W s +i), where W s+ i = Wj for some j with 1 < j < s, 
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then W is algebraically dependent on W and W is algebraically dependent on 
W. 

A particularly simple type of algebraic dependence occurs when (some pow- 
ers of) the operators of the set W can be explicitly expressed as noncommutative 
polynomial functions of the operators of the set y. This is stated in more precise 
terms by the following proposition. 

Proposition 3.5. Let us consider the set of operators W = (Wi, . . . , W s ). Let 

us suppose that there exists another set of operators y = (3^i, • • • , y r ) such that 

wf = Si(y) , (3.ii) 

where ji € N (for example ji = 1 ) and Si (y) is a noncommutative polynomial 
of class Sjq such that 

degyS i =j i oidW i Vi = l,...,s. (3.12) 

Then W is algebraically dependent ony at all points (x,p) such that MWi(x,p) ^ 
OVi € J, where J := {i G {1, . . . , s} : j j > 1}. In particular, W is algebraically 
dependent on y in all K x R™ if ji = IVi. 

Proof. Let Sj(WiY) := W 7 / 1 — 5*i(F) denote the given correlations among the 
operators W and 3^- The element with pair of indexes (i, h) of the Jacobi matrix 
for the abelianization of the main part of S is 

Q^iM^yjSdc = SihJiWr 1 . (3.13) 

Hence this Jacobi matrix is diagonal (in the previous formula Sih is the Kronecker 
symbol, such that Su = 1, Sih = for i ^ h) and nondegenerate for W = 
MW(x,p) if MWi(x,p) 7^ OVi € J. Therefore at such points both condi- 

tions of definition 13. 101 are satisfied. 

Note that condition (13. 12)) is necessary for the validity of formula (|3.13[) . In 
fact, if this condition is not true for some i, then clearly ordyVf 1 < deg^ Si(y) 
for this i, so that .Mryv,y)Si = ■M-ry^Si. It follows that all the elements of the 
i-ih row of the Jacobi matrix for {M.(w,y)S)c are identically zero. Hence the 
determinant of this matrix is also identically zero. □ 

Proposition 3.6. Let W = (Wi, . . . , W s ) be a set of operators of class Ok- 
Then W is algebraically dependent on (x,p) in all K x R™, where {x,p) — 
(a?i, . . . , x n ,pi, . . . ,p n ) is the standard set of operators. 

Proof. Let 

|a|<mj 

be the standard representation of the operators VVj € O, see definition 13.21 We 
can rewrite these equalities as 

W 3 =Sj{x,p), j = l,...,s, 

where 5j := X)| Q |<m Aj tCt (X)P a is a noncommutative polynomial of class S^f 1 
for j = 1, . . . , s. Clearly 

ord Wj = deg {x p) Sj Vj = 1, . . . , s . 

The thesis then follows from proposition 13.51 □ 
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Proposition 3.7. If is algebraically dependent on y^> and W^ 2 ) is al- 

gebraically dependent on at (x,p), then at that point W is algebraically 

dependent on y, where W := W« U and y := yW U y^ . 

Proof. If W« = {W[ l \ . . . , Wif) and y« = (y[ l \ . . .,y$), for i = 1,2, ac- 
cording to the hypotheses there exist two sets of noncommutative polynomials 
S« = (S[ l \. . . , Si?) of class S^ +r * such that 

and 

S {i \W {i) ,y^) = intf;, 

where := (MW«, MY^)(x,p) G IT* +r * and H t C K is an open 

neighborhood of x. Then for the set 

of s noncommutative polynomials of class Sp~ r , where s = si+s 2 and r = ri+r 2 , 
we have 

det d J^^h (W,Y) = det d ^i^ ( f (1 ^ {WW ?w ) 

x ^ d{M{wl2 d wm Si2))c ? (^ (2) .y (a) )^o 



and 
where 



5(W, y) = inH = H 1 r\H 2 , 



W = (W^ , . . . , w£> , wp' , . . . , wi 2 2) ) 

y = (y 1 (1) ,...,yw,yl a) ,...,y«) 

(W",y) = (MW,My)(&,p) G K s+r . 
This means that W is algebraically dependent on ^ □ 

The following important proposition says that, if the set W is algebraically 
dependent on the set J 7 at a point ofifxE™, then the same relation of algebraic 
dependence also holds in a full neighborhood of this point. Furthermore, in 
this neighborhood the symbols MW of the main parts of W are functionally 
dependent on the symbols MY of the main parts of y. 

Proposition 3.8. Let W = (Wi, . . . , W a ) and y = (^i, . . . , &e £wo sefs o/ 
operators of class Ok, such that W is algebraically dependent on y at (x,p) G 
KxRJJ. T/ien i/iere errisfc a neighborhood O C if x M™ o/ (x,p) swc/i i/iai: 

i. The main parts MW of the symbols of W are functions of the main parts 
MY of the symbols of y in O. More precisely, there exist a neighborhood 
SlcM r ofY = MY{x,p), and a function f : ft -> W , f G C°°(n), such 
that MW(x,p) = f(MY(x,p)) V(x,p) G O. 
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ii. VV is algebraically dependent on y at all points of O. 

Proof. Let S — (Si, . . . , S s ) be the vector of noncommutative polynomials of 
class iSj^ 1 " satisfying conditions 1 and 2 of definition ^. 101 Since, by condition 2, 
Si(W, y) is the zero operator in a neighborhood H C K of x for alH = 1, . . . , s, 
its homogeneous part H^.(Si(W,y)) of order d\ is also obviously zero in H, 
where di = deg( Wj y) Si. Therefore, using proposition 13.41 we obtain 

S((MW,MY)(x,p)) = V(z,p) G x M™ , (3.14) 

where we have introduced the vector function S :— (-M(w,y)S)c, S : M. s+r — > 
W. This implies in particular that S(W,Y) = 0. According to our definition 
of noncommutative polynomial, we know that S € C°°(]R r+s ). Taking also into 
account condition 1 of definition 13.101 it follows from the theorem on implicit 
functions that there exist a neighborhood il C W of Y, a neighborhood f2' C M s 
of W, and a function / : fi — » / g C°°(f2), with the following properties: 

a. /(Y) = 

b. S(/(F),F)=0Vyefi. 

c. For all F € 0, W = /(V) is the only solution W € fi' of the equation 

y) = 0. 

d. If dS/dW and dS/dY denote the Jacobi matrices of the vector function 
S with respect to variables W and Y respectively, then 

det— (W,Y)^0 V(W,Y)enxn' (3.15) 

and 

d/(y) = ~(ll (/(ny) ) (lF (/(r) ' r) ) vyefi - (3 ' 16) 

According to our definition of operator of class Ok, we know that (MW, MY) £ 
C°°(K x Rp. Therefore there exists a neighborhood OcKxR"of such 
that 

(MW, MY)(x,p) enxfL' V (x,p) e 6 . (3.17) 

The set O := 0<~)(H x M") is also a neighborhood of From (13.141) and from 

property[c]of function /, it then follows that MW(x,p) — f(MY(x,p)) V (x,p) € 
O. Furthermore, from p,15[) and (|3.17[) it follows that 

dS 

det— ((MW, MY) (x,p))^0 V(x,p)eO. 

Therefore, according to definition 13.101 W is algebraically dependent on y at 
all points of O. □ 

The relation of dependence between sets of operators, given by definition 
13.101 does not automatically enjoy the transitive property. For this reason, we 
will now introduce another relation which extends that of algebraic dependence 
in such a way to insure transitivity. 
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Definition 3.11. Let us suppose that there exist q finite sets Z^\ . . . , Z^ of 

operators of class O, such that W is algebraically dependent on Z^> at the point 
(x,p), is algebraically dependent on Z^ l+1 ^ at (x,p) for i = 1, . . . , q— 1, and 
Z^) is algebraically dependent at (x,p) on y. In this case we say that the set 
of operators y algebraically contains the set of operators W at the point (x,p) 
and we write y □ W. We also say that the set W is algebraically contained in 
the set y at (x,p) and we write WCJ. 

Remark 3.2. Obviously, if W is algebraically dependent on y at a point (ir,p), 
then W Qy &t that point. In particular, WCWat any point G K x K™ 

for any set of operators W. Furthermore, if W E 3^ and y E Z at a point (ir,p), 
then WCZat that point. 

The following proposition can be deduced from proposition 13. 71 

Proposition 3.9. IfW {1) E and W {2) E ^ (2) i/iera ai f/iaf pomf 

W E w^ere W := U W (2) and ^ := U y {2) . 

Corollary 3.10. If W {1) E y and W (2) E ^ at (x,p), then at that point 
W E y, where W := U W (2) . 

Proposition 3.11. LetW = (W U ...,W S ), V = (Vi,...,V„) and}? = CVi, • • ■ ,3V) 
be three sets of operators of class O. Let us consider a point (x,p) € K X K™, 
and its image (W, V, Y) = (MW, MV, MY) (x, p) G R s + v + r with respect to the 
symbols of the main parts ofW, V, y. Let us suppose that there exists a set 



S = (Si, . . . , S s + V ) of s + v noncommutative polynomials of class Sp~ v+r , such 
that 



det ^—(M iWtV , y) S)c(W, V,Y)^0, 
and S(W, V,y) = in a neighborhood H C K of (x,p), that is 

S(w,v,y)ip(x) = a 

for all V> € C*°°(i7) and all x G H. Then W E y at (x,p). 

Proof. Let us consider the set of s + v operators U := (Wi, . . . , W s , Vi, . . . ,V V ). 
Since 5(W,^) = in H and 

det^(X (w , w 5)c(L7,r) ^0 , 

where (7 = (W 7 , V"), we have that U is algebraically dependent on y at 
Moreover, considering the vector of correlations 

T t (W,U) = Wi-Ui , i = l,...,s, 

we have that W is algebraically dependent on U everywhere. Therefore W E 3^ 
at (51, p) according to definition 13.111 □ 

We are now going to show that the statement of proposition 13.81 remains 
valid if the relation of algebraic dependence is replaced by the one specified by 
definition 13.111 

Proposition 3.12. Let W = (Wi, . • . , W s ) and y = (y x , . . . , 3-V) be two sets of 
operators of class Ok, such that W E y at (x,p) G K x M™. Then there exists 
a neighborhood O C K x R" of (x,p) such that: 
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i. The main parts MW of the symbols of W are functions of the main parts 
MY of the symbols of y in O. More precisely, there exist a neighborhood 
ncW ofY = MY(x,p), and a function f : ft ->• M s , / e C°°(n), such 
that MW(x,p) = f(MY(x,p)) V(x,p) € O. 

ii. WEJ at all points of O. 

Proof. Let . . . be the sets of operators required by definition 13.111 

Define Z^ := W, Z ( « +1 ) := y, and let MZ® denote the symbols of the main 
parts of ZW 1 % = 0, 1, . . . , q + 1. According to proposition [3751 there exist q + 1 
open neighborhoods of (x, j?) and g + 1 functions /j, with i = 1, . . . , g + 1, 
such that MZ<V(x,p) = fiiMZ^-Vfap)) V(x,p) € O,, and Z^ 1 ) C Z« at 
all points of O l . It follows that MW(x,p) = f(MY(x,p)) V(a;,p) £ O, and 
W C y at all points of O, where O := nf=i ^ anc ^ / = A ° A ° " ' ° /i+i i s the 
composition of functions fi, . . . , fi+\. □ 

Let us now formulate a definition of "regular dependence" for the operators 
of the set W = (VWi, . . . , W s ) at a point (x,p) e K x E™. 

Definition 3.12 (regular dependence). Let us consider a set W of s oper- 
ators of class O. Let us suppose that there exists a set 3? = (3i, . . . , y r ) of 
operators of class O, with r < s, such that W C TV at the point (x,p) E K x M™. 
In this case we say that the operators of W are regularly dependent at (x,p). If 
the operators W are regularly dependent almost everywhere in K x K™, we say 
that they are globally dependent in K x R™. In this paper, almost everywhere 
means in a subset such that the closure of its complement has zero measure. 

Definition 3.13. We define the rank of the set of operators W at (x,p) as the 
minimum integer r such that there exists another set y = (y± , . . . , y r ) with 
VV C y at We denote this rank as r = rankW(a;,p). 

If W = (Wi, . . . , W s ), then obviously rankW(a;,p) < s at any point [x,p) G 
if x M." The operators W are regularly dependent at (x,p) if and only if 
r&nkW(x,p) < s. It is also evident that, if W and y are two sets of operators 
such that W Q y &t (x,p), then rankW(x,p) < ra,nky(x,p). The following 
proposition easily follows from statement [n] of proposition 13.121 

Proposition 3.13. If rankW(i,p) = r, then there exists a neighborhood O C 
K x M™ of (x,p) such that rankW(x,p) < r W (x,p) € O. In particular, ifW is 
regularly dependent at (x,p), then W is afeo regularly dependent at all points of 
a neighborhood of(x,p). 

The following proposition is an immediate consequence of propositions 13.61 

Proposition 3.14. If s > 2n, then any set W = (Wi, . . . , W s ) o/ operators of 
class O is globally dependent. Equivalently, any 2n + 1 such operators (Wi , . . . , 
VV2n+i) are globally dependent. 

The next proposition shows that definition [5TT21 of regular dependence indeed 
includes as a particular case the existence of a regular correlation among the 
operators of a set, in the sense of definition 13.91 

Proposition 3.15. If there exists a regular correlation at (x,p) among the 
operators W = (Wi, . . . , W s ), then the operators W are regularly dependent at 
(x,p). 
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Proof. If the correlation is represented by the noncommutative polynomial S € 
S^, and W := MW(x,p) € M 5 , it follows from condition 1 of definition 13.91 that 
there exists at least one j 6 {1, . . . , s} such that (d/dWj)(My\/S)c(W) ^ 0. If 
necessary, let us rearrange the order of the operators W so that 

(M w S)c(W) ^0 . (3.18) 



aw. 



Let us take y = (J^i, . . . , 34-i) := (Wi, ■ • ■ , W s -i) and consider the set of s 
correlations 

S i {W,Y) = W i -Y i , i = l,...,a-l, 
S s (W,y) = 5(W) . 

If F := MY(x,p), it is easy to see that 

dot ^y S)c (W,F) = ^-(M W S) C (W) * . 

Hence W is algebraically dependent on 3? at according to definition 13. 101 

This implies that W is regularly dependent at (a:,f>). d 

Definition 3.14. If W = (Wi, • • • , W s ) is a set of operators of class 0, let us 
denote with rw(x,p) the dimension of the linear space generated by the differ- 
entials (dMWi, . . . , dMW s ) of the symbols of the main parts of the operators 
W at the point (x,p) € KxM£. We have equivalently ryv(£,p) : = rank W(x,p), 
where W is the s x2n Jacobi matrix of the function MW. We call rw(x,p) the 
main dimension of the set W at the point 

Clearly rw(s,p) < s, and the operators W are quasi-independent at (a;,p) 
if and only if ryi)(i,p) = s (see definition! 



Proposition 3.16. If ryy(x,p) — r, then there exists a neighborhood O C 
K x M™ of (x,p) such that r\y(x,p) > rV(i,j)) € O. In particular, if W is 
quasi-independent at (x,p), then W is also quasi-independent at all points of a 
neighborhood of(x,p). 

Proof. The thesis easily follows from the regularity of the symbols of the oper- 
ators of class O. □ 

The following proposition is an immediate consequence of statement [I] of 
proposition 13.121 

Proposition 3.17. Let W = (Wi, . • . , W a ) and ^ = (3^, . ..,y r ) be two sets 
of operators of class O, such that W Q y at a point (x,p) G K x R™. T7ien 
£/ie vectors dMWi(x,p), for i = 1, . . . , s, are linearly dependent on the vectors 
(dMYi(x,p), . . . ,dMY r {x,p)). Therefore ryv(x,p) < ry(x,p). 

According to statement[n]of proposition ^. 121 the hypothesis of the preceding 
proposition actually implies that W E y at all points of a neighborhood O C 
K x Wp of (x 7 p). We have therefore rw(x,p) < ry(x,p) V(x,p) € O. 

Corollary 3.18. Let W = (Wi, . . . , W s ) be a set of operators of class O. Then 
rw(x,p) < rankW(a;,p) V (x,p) G K x M™. 
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Proof. If rank W(x,p) = r at (i,p) e J( x R™, let y = (y u . . . ,y r ) be a set 
of operators such that W Q y a.t (x,p). Then proposition 13.171 implies that 
rw(x,p) < r y (x,p) <r. □ 

Using proposition 13.131 and corollary 13.181 one immediately obtains the the- 
orem which relates the property of regular dependence with that of quasi- 
independence of a set of operators. 

Theorem 3.19. If the operators W of class O are regularly dependent at a 
point (x,p) G K x R™, then there exists a neighborhood O C K x R™ of (x,p), 
such that they are not quasi-independent at any point of O. In particular, they 
are not globally quasi-independent. 

Corollary 3.20. Let us consider the set of2n operators (x%, . . . ,x n ,§\, . . . ,p n ). 
These operators are quasi-independent. Therefore they are not regularly depen- 
dent at any point (x,p) and are not globally dependent. The same is true for 
any subset of this set of operators. 

Proposition 3.21. A set y = (3^1, . . . , 3^2n) of operators of class Ok is quasi- 
independent at a point {x,p) G K x R™ if and only ify 3 (x\, • ■ • , x n ,p\, . . . ,p n ) 
at that point. 

Proof. Let 

|a|<mj 

be the standard representation of the operators y.j G Ok, see definition 13.21 
Consider the In noncommutative polynomials of class Sfj 1 

Sj(Y, X, P) =Y j - A jA x ) pa » J = 1, • • • , 2n . 

\a\< mj 

We have 

(Mp^SjhiY, X, P) = Y s - MYj (X, P) , 

where 

MY j (X,P)= A oAX)P a 

\a\—mj 

is the symbol of the main part of yj according to definition 13.31 We see 
therefore that, if J 7 is a quasi-independent set at (x,p), then the hypothe- 
ses of definition 13.101 are satisfied with W = (xi, . . . , x n ,pi, . . . ,p n ). Hence 
(xi, . . . , x n ,pi, . . . ,p n ) is algebraically dependent on y at (x,p). 

Viceversa, if y □ (x\, . . . , x n , p± , . . . , p n ) at (x,p), then from proposition ^. 171 
we have that ry(x,p) > 2n, so that the set y is quasi-independent at (x,p). □ 

Remark 3.3. We have considered two main local conditions on a set of operators: 
quasi-independence and regular dependence. A justification for their names 
is provided by theorem 13.191 which shows that these conditions are mutually 
incompatible. One can however still ask if these conditions embrace all possible 
cases. Not surprisingly, the answer to this question is negative. We prove in 
fact in Appendix [X] that there exist sets of operators which are neither quasi- 
independent nor regularly dependent. This suggests that it might be possible to 
find improvements on the definitions of dependence and independence for sets of 
operators, so as to reduce or even suppress the gap between the two conditions. 
The achievement of such a goal is left for future investigations. 
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3.4 Integrable set of operators and integrable operator 



In this section we give the definition of integrable operator H £ O: it is based 
on the concept of integrable set of operators of class O. We give also a non- 
formal definition of quantum system and integrable quantum system. These 
definitions will be often employed in the following papers of this series. They 
are motivated by their correspondence with the analogous concepts of classical 
mechanics, which will be now briefly recalled (see reference [3]). 

Definition 3.15. Let A and B be two differentiable functions defined on the 
2n-dimensional symplectic manifold K x R™. Their Poisson bracket {A,B} is 
the function defined as 



We recall that a set of functions V = (Vx, . . . , Vi), V* : M -> R, i = 1, . . . , I, 
is said to be functionally independent if the differentials dV\ , . . . , dVi are linearly 
independent almost everywhere in M. 

Proposition 3.22. Let (Vi, . . . , Vi) and (W\, . . . , W s ) be two sets of function- 
ally independent functions on a 2n- dimensional symplectic manifold, such that 
{V, W k } = 0fori = l,...,l andk=l,...,s. Then l + s<2n. 

Definition 3.16. A set V — (V%, . . . , 14; Vk+i, ■ ■ ■ , Vin-k) of functionally in- 
dependent functions on a 2n-dimensional symplectic manifold M 2n is said to 
be a (classically) integrable set on M 2n , with k central functions V\, . . . , Vfc, if 
{Vi, Vj} = everywhere in M 2n for i = 1, . . . , k and j = 1, . . . , 2n — k. If the 
hamiltonian H of a dynamical system is in involution with all functions of the 
set V, we say that the system is globally integrable with k central functions and 
with integrable set of invariants V. In this case it is easy to see that H is locally 
dependent on the set of central functions, i.e., H — f(V%, . . . , 14). 

The quantum equivalent of the preceding definition is contained in the two 
following ones. 

Definition 3.17 (quasi-integrable operator). Let us consider the set of 
operators of class Ok 



with < k < n (some of these operators may be functions only of x) . Let these 
operators satisfy the following two conditions: 

1. The 2n — k operators W%, . . . , W2n-fc are quasi-independent at the point 

(x,p) e K x R"; 

2. [Wi, Wj] = for i = 1, . . . , k and j = 1, . . . , 2n - k. 

We then say that the operators Wi, . . . , Y^2n~k are an integrable set of operators 
at the point (x,p) with k central operators Wi, . . . , Wk- 

If in condition 1, instead of independence at a point (x,p), we have global 
quasi-independence in the full phase space K x R™, then we say that this set is 
a (globally) integrable set of operators on K x R™. 




(3.19) 



W = (W 1 ,...,W k ;W k+ i,...,W2n-k) , 



(3.20) 
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Let H be an operator of class O and let us suppose that the set (H, Wi , . . . , Wfe) 
is globally dependent, where Wi, . . . , Wfc are central operators of an integrable 
set of operators W at a point (x,p). For example, "H = S(Wi, ■ ■ ■ , Wfc), where 5 
is an arbitrary usual polynomial of k variables, that is S £ Sq. We suppose also 
that [H, Wi] = for each i = 1, . . . , 2ri — k. In this case, we will say that H is a 
quasi-integrable operator with k central operators at the point (x,p). If the set W 
is globally independent, then we will say that H is a (globally) quasi-integrable 
operator with k central operators. 

Definition 3.18 (quasi-integrable quantum system). Let H be an operator 
of class Ok- Let some solutions of the equation (H — X)ip = describe phenom- 
ena of the microscopic world. By this we mean that they are (similar to) wave 
functions cither of real microscopic systems, or of useful approximated models 
of these systems. In this case we will say that H. defines a (scalar) quantum 
system of general type on the configuration space K and H is the hamiltonian 
operator of the system. If the hamiltonian W is a quasi-integrable operator with 
k central operators, we will say that the quantum system is quasi-integrable with 
k central operators. 

The symbol of a commutator can be calculated by means of the following 
lemma, which is an immediate consequence of proposition 13.21 



Lemma 3.23. If A = E|a|< mi A a{x)p a and B = E| tt |<m 2 B a (x)p a , then 



where A — _4 smb , B — B smh , a\ — a\\ ■ ■ ■ a n \, m :— max(mi, 1112). We have for 
any nonvanishing term of this sum 



By making use of the preceding lemma one can easily prove the following 
one, which establishes an important connection between the symbol of the com- 
mutator of two operators, and the Poisson bracket between the main parts of 
the respective symbols. 

Lemma 3.24. Let ord.4 = k, ordB = I. Then ord [A, B] < g, where g := 
k + I — 1 . Moreover, the homogeneous parts of order g of the commutator and 
of the Poisson bracket are connected by the relation 



{H g {[A,B])) smb = H g ({A,B}) = H g ({MA, MB}) = {MA, MB} . (3.21) 



Here A = _4 smb ; B = B smh , and H g denotes the homogeneous part of order g. 
In particular, if ord [A, B] — g, then 



In these formulas, M[A, B] denotes the main part of the operator [A, B], whereas 
MA and MB denote the main parts of symbols A and B respectively. 





(M[A, B]) 



smb 



{MA, MB} . 
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Proposition 3.25. Let W = (Wi, . . . , W&; Wfe+i, ■ ■ ■ , W2n-fc) be an integrable 
set of operators on K, and let MW = (MWi, MW k ;MW k +i,. ■ . , MW 2n -k) 
denote the set of the main parts of their symbols, Wi — Wf for i = 1, . . . , In— 
k. Then MW is a classically integrable set on K x R™. 

Proof. According to definitions 15371 and the set MW = (MWi, . . -,MW k ; 
MWfc+i, . . . , MW 2n -k) is functionally independent on M 2n = K x M™. More- 
over, applying formula p.21j) we obtain that {MWi, MWj} — everywhere in 
K x R£ for i = l,...,k, j = 1, ...,2n- k. □ 

The following proposition represents the quantum analogue of proposition 

Proposition 3.26. Let (Vi,...,V;) and (Wi, . ..,W S ) be two sets of quasi- 
independent operators, such that [Vi, W&] — for i = 1, . . . , I, k — 1, . . . , s. 
Then I + s < In. 

Proof. According to definition l3.4l of quasi- independence, the sets (MV\ , . . . , MV{] 
and (MWi, . . . ,MW S ) of the main parts of the symbols of the given opera- 
tors are functionally independent. Moreover, it follows from lemma 13.241 that 
{MVi, MW k } = for i = 1, . . . , I, k = 1, . . . , s. The thesis then follows from 
proposition 13.221 □ 

Corollary 3.27. Let an operator Wo commute with all the In — k operators of 
the integrable set W, see formula i3.2U\) . Then the operators (Wo, Wi, . . . , Wfe) 
are not quasi-independent. Therefore, in definitional^ k is the maximal num- 
ber of operators of the set W which commute with all operators of this set W. 

The last corollary motivates the definition 13. 171 of central operators. 

There exists some trick which usually allows one to obtain the property of 
quasi- independence for a set of commuting operators. Let A = J2\ a \<m A a (x)p a 
be an operator of class O = O n , i.e., x = {x\, . . . , x n ). Let us associate with 
this operator the operator B — B G O n+ i, where B := J2\/3\= m Bf3(x)PP, 

x = (x ,xi,...,x n ), P := (p a ,pi,...,p n ), (3 = (J3o,Pi,---,Pn)- Here Bp(x) := 
A a (x), a — a(j3) :— (ai, . . . ,a n ), with a, := ft, i = 1, . . . , n. This embedding 
A i y $a maps any operator A of class O n to an operator B — $a of class O n +i, 
homogeneous with respect to p, whose coefficients are independent of xq ■ Note 
that we have B = MB. It is easy to check that the following propositions are 
true. 

Proposition 3.28. For any operators A,B € O n , we have = ^[^,6] 

and [<&AiPo] = 0. 

Proposition 3.29. Let the set of k functions (F\, . . . ,F k ) be locally indepen- 
dent, where Fi is the symbol of an operator Ti of class O n for i — 1, . . . , k. 
Then the set of k + 1 operators (po, $7^, . . . , ^T k ) is locally quasi-independent. 

Corollary 3.30. Let (J^i, . . . ,Tk) Fk+ii ■ • • 1 Fzn— k) be a set of operators of 
class O n such that ^F%, Tj\ = for i = 1, . . . , k, j = 1, . . . , In — k. Let the 
set (F\, . . . , i*2n-fc) of the symbols of these operators be globally functionally in- 
dependent, i.e., their differentials are linearly independent almost everywhere. 
Then the set of operators (p , $1, . . . , ^fc+i, ■ • ■ , &2n-k), where $i = for 
% = 1, . . . , In — k, is a quasi-integrable set of operators. 
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Note that the eigenvalue equation (A — X)u — for the original operator A, 
where u = u{x\, . . . , x n ), takes the form — Ap™)[/ = for the operator $.4, 
where U = U{xq,x\, . . . ,x n ). To the eigenfunction u(x) there corresponds the 
eigenfunction of special form U(xq, x) — e x °u(x). Note also that the symbol F = 
S| Q |<m A a {x)p a of an operator T contains more monomials than its main part 
MF = J2\a\= m A a {x) , p ot . Hence we can expect that the probability of not being 
quasi-independent is essentially lower for the set of operators (p°, $1, . . . , $2n-fe) 
than for the set (J 7 !, . . . , ^n-k)- 

Remark 3.4. The main object of the investigations of the present article is 
quantum mechanics. We underline however that the class of operators which we 
have been considering in this section includes arbitrary (scalar) linear differential 
operators which may also be used in other domains of mathematical physics. 
An example is given by the operator 

which corresponds to the heat equation 

= A s ^-£/(£)V> , 

where £ = (£i, . . . ,£„), is the Laplace operator on £, and V J = ^(t,£)- If 
we take x = (t,£), then we obtain that the operator H of n + 1 variables x 
belongs to the class O considered above. In case J7(£) = E/i(£i) + • • ■ + U n (£n), 
the operator H is an operator with separable variables. Moreover, it is obvious 
that % is a quasi-integrable operator in the straight Liouville sense, that is with 
k = n + 1 (see definition ^. 18[) . 

Any (scalar) quantum system is apparently described by special solutions of 
a linear differential equation with nonconstant real coefficients. For example, 
consider the Schroedinger equation 

with i = \J — 1. In order to obtain an operator of class O it must be converted 
into the heat equation 

with x = x( r > I n quantum applications, we arc interested in complex valued 
solutions of type x — x( T > with r = it, where i € R, £ G K™. In this case the 
functions 

are wave functions of the quantum system which is described by the given 
Schroedinger equation. If we are interested in the diffusion of heat, we consider 
instead real valued solutions x( r , £) i n the real variables (r, £) of the heat equa- 
tion. Note finally that we do not consider in this paper operators with small 
parameters. In particular, in our investigation, we take the Planck constant h 
equal to 1 in the operators of quantum mechanics. 
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We have already observed that we do not know of any general definition 
of independence for a set of operators, which fully correspond to the notion of 
independence for a set of functions on a symplcctic manifold. Nevertheless, for 
concrete cases connected with applications, the condition of quasi-independence 
is usually helpful to distinguish between integrable and nonintegrable quantum 
systems. Indeed, this fact is true for the familiar examples of quantum systems 
considered in section [51 as the following proposition shows. 

Proposition 3.31. The hamiltonian operators H of the quantum systems of 
the three examvles \2. are quasi-integrable, with central operators which are 
indicated in these examples. 

Remark 3.5. The system with hamiltonian 

n ~2 I 2 
tt \ " , , Pi + X i 

H =2^ — 2 — 

i=l 

is called n-dimensional quantum harmonic oscillator. This system is obviously 
quasi-integrable with k — n, because the set of n operators 

pj + xj pj+xj 
2 2 

is quasi-independent. Let us consider the case of complete resonance, which 
means that the vector of frequencies uj — (uji, . . . , uj n ) is proportional to a 
vector with integer components: oj = ch, where c G ffi, W1W2 • • • u) n ^ 0, 
h = (hi, . . . , h n ) G Z™. In Part IV it will be shown that in this case the 
quantum system is (strongly) integrable with k = 1, like the corresponding clas- 
sical system. In other words, the hamiltonian H of the system commutes with 
2n — 1 quasi-independent operators. The proof of this fact is not based on the 
separation of variables. For the construction of such an integrable system of 
operators we will use the operation of "symmetrization" of the corresponding 
classical functions. This operation plays the main role in the construction of 
quantum integrable systems starting from classical integrable systems (quanti- 
zation). This construction is described in Part II. 

Acknowledgements 

The authors thank D. Bambusi and L. Galgani for useful comments and advices. 

A Implications of regular dependence 

Theorem 13.191 asserts that a set of regularly dependent operators is not quasi- 
independent. It has been proved using the properties of the main parts of a set 
of operators, which one can derive from the condition of regular dependence. 
However, we want to show in this appendix that regular dependence has also 
relevant implications on the properties of the homogeneous parts of lower order. 

Formula (|3.8I) gives an expression for the symbol of the homogeneous part of 
order d of the operator S(Q, J 7 ), where S is a noncommutative polynomial such 
that degpr^) S = d. In order to write an expression also for the symbol of the 
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homogeneous part of order d — 1, it is useful to introduce preliminarily a short 
notation to indicate the "second-main part" of an operator or a polynomial. 

Definition A.l. Given an operator F of class 0, such that ord F = m > 0, 
we call second-main part of F the homogeneous part of order to — 1 of F, see 
definition 13.31 We denote this part with the symbol M'F: 

M'F:=H m _ x {F). 

Correspondingly, we call second-main part of the symbol F the function 

M'F := H m _i(F) = {M'F) smh . 

If ord J" = 0, we define M'F := and M'F := 0. 

Note that, at variance with the main part, the second-main part may be 
zero also for a nonvanishing operator of arbitrary order. For example, if n = 1, 
F = xp 3 + p + cos x, then MF = xp 3 , M'F = 0. 

Definition A. 2. Let S € be a noncommutative polynomial, and w — 
(wi, . . . , w r ) a set of integers. If deg w S — d > (see definition 13. 8|) . we call 
second-main part of S with weights w the quasi-homogeneous part of degree 
d — 1 of S. We denote this part with the symbol Ai' w S: 

M' W S :— C^_ l w {S) . 

If Aeg w S = 0, we define M' W S := 0. 

If F = (Fi, . . . ,F r ) is a set of operators of class O, then we call second- 
main part of S with respect to F the polynomial Ai'jrS := M' W S, where Wi = 
ord Fi Vi = 1, . . . , r. 

Definition A. 3. Let A and B be two differentiable functions defined on the 2n- 
dimensional symplectic manifold K x R™. Their Poisson semi-bracket {A, B} + 
is the function defined as 

The following proposition can easily be proved using proposition 13.21 

Proposition A.l. Let W = (F,G) and S € S 1 ^ be as in the hypotheses of 
proposition \S.4\ Let S = (MwS)c and S' = (M' w S)c denote the abelian- 
izations of the main and second-main parts, respectively, of polynomial S with 
respect to W. Then 

^"))) smb = S\G,MF) + Y d -^{G,MF)M'F i 

1=1 1 

+ 2 Aij(G, MF){MFi, MFj} + + ^ B ih (G, MF){MF h MG h }+ . (A.2) 

i,j i,h 

In the above formula, Aij and B^h are functions of I + r real variables, which 
one can easily construct from the expression of M. W S. For instance, if M. W S 
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is the noncommutative monomial represented in formula \3.5\) , then 

(Mp) c (G,MF) 

i,j h<k 



E Aij (G, MF){MFi, MFj} + = £ ^ Zf^F,] ' i MF ^ MF ^ + 



Bih{G, MF){MFi, MGh} + = E ^ff^ E W- {MF ^ °* }+ 



,h h<k Mn 



3 = 1 



where (Mp)c denotes the abelianization of monomial Mp. When A4^S is a 
generic quasi-homogeneous noncommutative polynomial, the expressions of Aij 
and Bih follow by linearity from the formulas written above. 

We can now strengthen proposition 13.171 in the following way: 

Proposition A. 2. Let W = (Wi, . . . , W s ) and y = (y x , . . . ,y r ) be two sets of 
operators of class O, such that W C y at a point (x,p) € K X R£. Then there 
exists a set of real numbers dependent on (x,p), which we call Oih, bih, c ihk 
and dijk, with i,j — 1, . . . , s and h,k = 1, . . . , r, such that at the point (x,p) 
the differentials of the functions MW i; M'W l; W+ := {MW i ,MW J }+ can 
be expressed as linear combinations of the differentials of the functions MYh, 
M'Y h , F,t := {MY h ,MY k }+ according to the relations 



diMW,) = a lh d(MY h ) , (A.3) 

h=l 



d(M'Wi) = ^ (a ih d(M'Y h ) + b lh d(MY h )) + ^ c ihk dY+ , (A.4) 

h=l h.k=l 



dW ?3 = E a ^jkdY+ k + d ijh d{MY h ) (A.5) 

h,k=l h=l 

for i,j = 1, . . . , s. Note that the same coefficients aih appear in all three rela- 
tions. 

Proof. It is straightforward to verify that, if the sets W and y satisfy relations 
(|A.3|) — (|A.5|) at (x,p), and at the same point the sets y and y' (in this order) 
satisfy relations of the same type (in general with other coefficients a 1 , b', c' 
and d' in place of a, b, c, d), then still other relations of the same type hold at 
(x,p) between the sets W and y'. Taking into account this fact, it is immediate 
to see that it is enough to prove the proposition in the hypothesis that W is 
algebraically dependent on y. 

Let then S = (Si, . . . , S s ) be a set of polynomials of class Sp~ r as in def- 
inition [2313 an d consider the two sets of functions S = (.M(yv,;y)<S')c, S' — 
{M'ryy y \S)c- For all (x,p) € H x R™ we have 

0=(ff d -(S ! (WJ))) smb = S ! (Mlf,My) Vi=l,...,s, 

where di = degryyy. Si. From this, one can deduce that there exists a neigh- 
borhood O C H x R" of (x,p) and a vector function /, such that MW(x,p) — 
f(MY(x,p)) V(x,p) G O, see proposition 13.81 We also have 

r 

d(MWi)(x,p) = a ih (MY)d(MY h )(x,p) V(x,p)eO, (A.6) 

h=l 
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where Oj/,, i = 1, . . . , s, h = 1, . . . , r, are the elements of the matrix 

i(MF) := ~ (j|( /(MF) ' My )) (|f(/( Mr )' My )) ' 
For (x,p) = {x,p) equality (|A.6[) coincides with (IA.3|1 . with 

a ih = a ih (MY(x,p)) = -^Uy (^L(W,Y)\ . (A.7) 

i=i V / jh 

In the above equality we introduced the matrix 

where := MW(S,p), ? := M7(i,p). 

Using proposition IA.1I we also have at all points of H x M™ 

o=(^-i(^(w,y))) smb 

= S'AMW, MY) + V -J-fAff, MF)M'W^ 
fe=i K 

r <3S- s 
+ E^( MW ' My ' M ' yk+ J2 Ahk(MW,MY){MW h ,MW k }+ 

k=l k h,k=l 
s r 

+ Y,Y. [Bi,hk( M W, MY){MW h , MY k }+ 

h=l k=l 

+ C iM (MW, MY){MY k , MW h y 

r 

+ D iM {MW, MY){MY h ,MY k }+ Vi = 1, . . . , s , (A.8) 

h,k=l 

where Ai^ k , Bi t h k , Ci t h k , and Di^hk are given functions of s + r variables. From 
definition IA.3I and formula (IA.6I) it follows that 

r 

W+ ~{MW h ,MW k }+ = ~ a hh>~a kk ,Y+ k , , (A.9) 

h',k' = l 
r 

{MW h ,MY k }+ = a hh ,Y+ k , 

h'—l 

r 

{MY k ,MW h }+ = a hh 'Y+, , 

h'=l 

where Y+ k := {MY h ,MY k }+. We can therefore rewrite (|A.8|) as 
W MV\ 4- \ 

dW k 



SKMW, MY) + J^r( MW > MY)M'W k 



k=l 



r dS r — 

Y ^{MW, MY)M'Y k + Y D iM (MW, MY)Y+ = , (A.10) 



dY k 

k=l K h,k=l 
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where MW = f(MY) and 



Difik — 2^/ Q'h'hQ'k'kA^h'k' + Y^ (a-h'hBi t h'k + O.h'kCifi'h) + D it hk ■ 
h',k' = l h' = l 

By calculating the differential of (|A.10|) we get 



v- dS, ,„ t „„ „„,„, N , dSi 



-(f(MY),MY)d(M'W k ) + > j —^(f(MY),MY)d(M'Y k ) 



dW k y h ' K ' dY k 
fc=i K fc=i K 



+ Y D hhk {f{MY),MY)dY+ + Y Gi, h (x,p)d{MY h ) = , 

h,k=l h=l 

where Gi t h{x,p) are given functions. For (x,p) = (x,p) the above equality 
implies (IA.4I) . with 

s 

b *h = - Y UtjGjJ^X.p) , 
s 



Cihk = — / J U t jDjj lk {x,p) , 

.7=1 

while a,ih is still given by (|A.7[) . 

Finally, formula (|A.5[) is obtained in a similar way, by differentiating (|A.9[) 
at (x, y). □ 

Let ryy (x, p) denote the main dimension of a set of operators VV = (Wi , . . . , W s ) 
at the point (x,p) € if x R™, see definition 13.141 According to theorem 13.191 
the inequality rw(x,p) < s is a necessary condition for the regular dependence 
of W at (x,p). Let us suppose that rw(x,p) = s — 1. This implies that there 
exists a nonvanishing vector 7 = 7(2;, p) e R s , univocally determined apart from 
a multiplicative scalar coefficient, such that 

s 

Y / lid(MW i ) = . (A.ll) 

i=l 

The following proposition provides an additional necessary condition for regular 
dependence, which involves the second-main parts (M'Wi, . . . , M'W S ) of the 
symbols of the operators W, together with their main parts (MW\, . . . , MW S ) 
and the Poisson semi-brackets := {MWi, MWj} + . 

Proposition A. 3. Let W = (Wi, • • • , W s ) be a set of operators of class Ok, 
such that rw(x,p) = s — 1, where (x,p) £ K x R^ 1 . If the set W is regularly 
dependent at (x,p), then there exists a neighborhood O C K x K™ of (x,p) such 
that rankW(a;,p) = rw(x,p) = s — 1 for all (x,p) € O. Furthermore, at all 
points of O the cotangent vector 



7id(M' Wi) , 

where 7 = 7(2;, p) 7^ satisfies relation HA. belongs to the linear subspace 
T, c spanned by the cotangent vectors d(MWi) and dW^ for i,j = 



1, . . . ,s. 
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Proof. If the set W is regularly dependent at (x,p), then from rw(x,p) = s — 1 
and from corollary |3.18l it follows that rankW(x,p) = s—1. Moreover, according 
to proposition 13 . 1 31 there exists a neighborhood O'cA'x K™ of (x,p), such that 
rank W(x,p) < s—lV(x,p) € O'. On the other hand, from ryy (a;, p) = s—1 and 
from proposition 13.161 it follows that there exists another neighborhood O" C 
K x E™ of such that rw(x,p) > s — 1 V (x,p) e O". Therefore, applying 

again corollary 13.181 we have that ryv(x,p) = rankW(x,p) = s — 1 V(x,p) £ 
O := O' n O". 

Let y = (3^i , . . . , y s -i) be a set of operators of class Ok, such that WCJ' 
at the point G O. We can then rewrite formula (|A.3|) of proposition IA. 21 

as 

s-1 

d(MWi) = 5^ai h d(Afy h ), * = l,...,s. (A.12) 
h=i 

We can always assume that the operators of set W have been ordered in such a 
way that the differentials (d(MWi), . . . ,d(MW s -i)) are linearly independent. 
If we consider the square matrix 

A := (a,ih,i, h = l,...,s-l), 

it then follows from (|A.12j) that det 1^0. We can thus write 

s-1 

d(MYi) = ^2a ih d(MW h ), i = - 1, (A.13) 

h=l 

where 

A' 1 = (a ih ,i, h=l,...,s-l). 
Using formula (IA.5I) , with r = s — 1, we then obtain 

s-1 / s-1 \ 

d^t = J! - H ^"im^^^m) (A.14) 

h,k=l \ i,m=l / 

for i, j = l,...,s - 1. Formulas (|A.13|) - (|A.14j) imply that d(MYj) e L and 
dY+ eLVi,j = l,...,s-l. 

It follows from proposition 13 . 1 71 that y is & quasi-independent set at (x,p). 
Hence, equalities (|A.11|) and (|A.12[) imply that J2i=i li a ih = V/i = 1, . . . , s— 1. 
If we multiply by ji both members of formula (|A.4j) . with r = s — 1, and then 
sum over i from 1 to s, we thus obtain 

s / s — 1 s — 1 

W = X^ {^b ih d{MY h )+ c ihk dY^ k 

i=l \h=l h,k=l 

whence »eL. □ 

It is easy to construct examples of sets of operators W = (Wi, . . . , W s ) such 
that rw(x,p) = s — 1, which do not satisfy the necessary condition for regular 
dependence expressed by proposition ! A. 31 Consider for instance the case n = 1, 
s = 2, W= (Wi,W 2 ), with 

/ m 
i=0 i=0 
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where l,m G N. Suppose that fi(x) = g m (x) = 1. Then MW\ = p l , MW 2 = 
p m , so that d(MWx) = lp l - 1 dp and d(MW 2 ) = mp m - 1 dp. It follows that 
r w (x,p) = 1 for all (x,p) such that p ^ 0, and 7id(MWi) + j 2 d{MW 2 ) = 0, 
where 71 = mp m , 72 = — Zp' . Let us consider the covector 

u = 7id(M'Wi) + ~/ 2 d(M'W 2 ) 
= p l + m - 1 [mfl_ l {x)-lg' m _ l {x)]dx 

+ p l+m - 2 [m(l-l)f l _ 1 (x)~l(m-l)g m ^ 1 (x)}dp . (A.15) 

Since = for i,j = 1,2, subspace L C T*R^ p of proposition IA.3I is the 
subspace of covectors which are multiple of dp. Therefore a necessary condition, 
in order for the set W to be regularly dependent at (x,p), with p ^ 0, is that the 
coefficient of dx, on the right-hand side of (|A.15I) . vanishes for all x belonging 
to an open neighborhood of x. This is equivalent to the condition that in this 
neighborhood m//_ 1 (x) — lg' m -i(%) = 0, or 

mfi-i(x) - lg m -i(x) = c , (A. 16) 

where c is a constant. It follows that, if the functions fi-i(x) and g m -i(x) do 
not satisfy the above relation, then the set W is neither quasi-independent nor 
regularly dependent. 

Let us consider the case I = m = 1, Wi — p + f(x), W 2 — p + g(x). Then 
necessary condition (IA.16[) for regular dependence becomes f(x) = g(x) + c. In 
this particularly simple case, this condition is also sufficient. When it is satisfied, 
we have in fact that the set W = (Wi, W2) satisfies the regular correlation 
Wi — W 2 — c = 0. Hence, according to proposition 13.151 the set is regularly 
dependent. 
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